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Article history The selection of the right initial center point greatly affects the quality
of the clustering results in the K-Means algorithm. This study proposes
a new approach in determining the initial center point by using the
global average and variance of the data dimensions. The global average
is used to represent the position of the entire center of the data, while
the variance of the dimensions provides information about the
Kata Kunci: distribution of each feature. This method is tested using three-
dimensional synthetic data (X, Y, Z) with 121 data, and compared with
the random initialization approach. The results show that the global
average and variance-based methods produce more balanced clusters,
lower Sum of Squared Error (SSE) values (23.33), and the highest
Silhouette Score value (0.65), as well as faster convergence (IV
iteration). Compared with the two random initialization scenarios, this
method is proven to be more stable in separating clusters based on the
distribution of low, medium, and high values. This approach makes an
important contribution to the development of a more consistent and
effective K-Means initialization strategy, especially for low to medium
dimensional numerical datasets.
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1. Introduction

The K-Means algorithm is one of the most popular methods in machine learning, especially in clustering
problems[1]. This algorithm works by dividing data into several groups or clusters based on similarities
in data characteristics[2][3]. The main process in K-Means is determining the centroid or center point
for each cluster, which functions as a representation of the characteristics of the cluster[4][5]. This
process begins with the selection of an initial centroid that will affect the final clustering results[6].
Selecting a good centroid is very important, because it can affect the quality of clustering produced by
the K-Means algorithm[7][8].

However, one of the main challenges in using K-Means is determining effective and efficient initial
centroids[9][10]. Poor centroid selection can lead to slow convergence, or even produce suboptimal
clustering results[u][12]. Various methods have been developed to overcome this problem, including
random centroid selection, K-Means++, and data distribution-based techniques[13][14]. Although these
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techniques have yielded quite good results in many cases, selecting more optimal and reliable initial
centroids is still an interesting research topic.

In addition to technical challenges, suboptimal centroid initialization in K-Means has implications
for real-world applications. For example, in e-commerce customer segmentation, random initialization
can produce unstable clusters across analyses, making it difficult to identify shopping patterns. A
statistical-based approach such as the one proposed can provide consistency, especially for numeric
datasets such as price or purchase frequency. One interesting approach is the use of global average and
variance of data dimensions in determining the initial centroids. Global average provides an overview
of the overall data distribution, while variance of data dimensions can provide more in-depth
information about the spread of data in each feature dimension[15][16]. By utilizing both of these
information, it is expected that more representative initial centroids can be selected, which in turn can
improve the quality of clustering results and accelerate the convergence process. This approach offers a
new way of selecting centroids that may be more stable and robust compared to conventional methods.

However, despite the many studies focusing on initial centroid selection, many approaches still rely
on random or even heuristic methods that do not always provide consistent results across different types
of datasets[17][18]. In addition, studies integrating global average and variance of data dimensions in
the context of initial centroid selection in K-Means are still relatively limited. Therefore, it is important
to further explore how these two factors can be optimally utilized in centroid determination, as well as
how they affect the performance of the K-Means algorithm in different types of data. Several previous
studies have proposed advanced methods such as K-Means++ that can significantly improve clustering
results by selecting more well-distributed centroids[19]. K-Means++ uses distance-based probability to
select centroids, but this method does not always consider the data distribution aspect more
comprehensively. Other studies such as those conducted by David Arthur and Sergei Vassilvitskii also
offer probabilistic and data distribution probability-based approaches for centroid selection, but not
many have combined the concepts of global average and dimensional variance in a systematic and
structured manner[20].

Based on the existing gap, this study aims to explore and develop a method for determining the
initial centroid in K-Means that integrates the global average and variance of data dimensions. This
approach is expected to produce more representative centroids, which can improve the efficiency of
convergence and the quality of clustering results. By conducting an in-depth analysis of these two
aspects, it is expected that a superior and more stable method can be found in various more complex
clustering applications.

2. Research Methodology
This study uses an experimental quantitative approach with the aim of developing and testing a
method for determining the initial centroid in the K-Means algorithm based on the global average
value and variance of data dimensions. This study was conducted through the following stages:
1. Research Design
This type of research is a computational experiment. The researchers developed a centroid
initialization method based on data statistics, then compared its performance with the
conventional K-Means algorithm (with random centroids).
2. Research Object
The object in this study is a dimensional numerical dataset, namely synthetic data with a total of
121 data with variables X, Y and Z.
3. Research Steps
a. Data Preprocessing
1) Deleting irrecoverable values
2) Recovering lost data[21]
b. Calculation of Global Average and Dimensional Variance

1) Calculate global average (mean vector) [22]
X = 12?=1 xij, untuk j =12, ..,d (1)

n
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2)
3)
4)

5)

Calculate the variance for each dimension (feature) in the dataset[23].
of = =¥, (xi — %)* (2)
Determine the dominant dimension (with the highest variance)
j* = argmax (o7) 6)
Determining the optimal number of clusters (K) using the Elbow method
inertia = Z?:Lujcc min (||x; — #j”z) (4)

Determine the initial centroid value based on the global mean value and the variance of the
dimensions.

Cm = X+ 6.5+ (5)
where:

ej+: unit basis vector in dimension j*

6m € R:offset, for example §,, = a. (m — E)\/; (6)

2

c. Implementation of K-Means Algorithm

1)

2)
3)

4)

Perform data clustering with the K-Means algorithm with the initial centroid of the proposed
method and with the centroid value that is done randomly

dij = X, (6 — yi)? (7)
Perform a comparison of the cluster results with the K-Means algorithm, the proposed

centroid value and with the centroid value that is done randomlyd
Sum of Squared Error (SSE) [24]

SSE = ¥i_y Txec, |1 — il |2 (8)
Silhouette Score[25]
JOEENA0) (9)

The following is the pseudocode of the proposed technique:

Algorithm: GMV_KMeans (Global Mean & Variance Initialization)
Input:

Dataset D (n x d), number of clusters K
Output:

Cluster labels C, centroids u, SSE, Silhouette Score

1. Data Preprocessing

Remove missing/irrecoverable values
Recover lost data if possible [21]

2. Statistical Computation

For each dimension j=1to d:

Compute mean: X_j=(1/n) *5_ix_ij

Compute variance: o_j?=(1/n) * 5_i (x_ij - x_j)?(
End For
Find dominant dimension: j* = argmax(c_j?)

3. Centroid Initialization (Proposed)

For each cluster m = 1 to K:
6 m=a*(m-(K+1)/2) * V(c_j*?)
cm=x+6m*e j*

End For
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Set C_init={cy, ¢z, ..., c_K}

4. K-Means Clustering

Initialize centroids = C_init
Repeat until convergence:
Assign each x_i to nearest u_j:
d_ij=V_p (x_ip - u_jp)?
Update each u_j = mean(x_i in cluster j)
End Repeat

5. Evaluation

Compute SSE=5_i5_(x€C i) | |x-u_i]]?
Compute Silhouette Score:

s(i) = (b(i) - a(i)) / max(a(i), b(i))

6. Comparison

Compare proposed initialization vs random initialization:
Metrics: SSE, Silhouette, cluster balance, convergence
Return (C, u, SSE, Silhouette Score)

End Algorithm

3. Result and Disscusion
The data used for this study is synthetic data with three variables, namely X, Y and Z, with the
number of data records being 121 data.

Tabel 1
Synthesis Data
ID X Y Z
1 92 75 60
2 77 82 31
3 2 26 79
120 21 13 29

121 24 92 79

For the disbursement of centroid values at the beginning of iteration (iteration I), using the global
mean and variance of data dimensions, which starts from obtaining the average value of each data
variable. Where the average value of the variables is X = 44.42, Y = 50.58 and Z = 53.66, so that the overall
average value (global mean) is 49.55. Furthermore, the variance value of each dimension of each variable
is calculated, and the values obtained are variance X = 1006.20, variance Y = 939.68, and variance Z =
744.38. By obtaining the global average value and variance of data dimensions, the centroid value is then
disbursed. In this study, the data will be divided into three clusters (K = 3). Determining the value of
K=3 based on the Elbow Method Graph shows that the optimal number of clusters for the data is K=3,
because at that point there is a significant decrease in inertia (marked with an "elbow") before starting
to plateau, where adding more than 3 clusters does not provide a significant increase in efficiency in
data grouping as in Figure 1.

Determining Initial Centroid in K-Means using Global Average and Data Dimension Variance (Efori Bu’ulolo)
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——| Elbow (k=31

w
Figure 1. Elbow

C1 = 44,44 —\/1006,20, 50,58-4/939,68, 53,66-1/744,38=12,70 , 19,92 , 26,38

C2 = 44,43,50,58, 53,66 (the value of the average of variables X, Y and Z)

C3 = 44,44 4+ /1006,20, 50,58+1/939,68, 53,66+v744,38= 74,14 , 81,23, 80,98
So the centroid value is obtained as in Table 2 below:

Table 2
Centroid Values at Initial Initialization
Centroid X Y Z
C1 12,70 19,92 26,38
C2 44,42 50,58 53,66
C3 76,14 81,23 80,94

Visualization of centroid values on a 3D graph as in Figure 2 below:

Visualisasi Centroid Awal (3D)

Figure 2. Centroid Value at Initial Initialization

In Figure 2 C1 (blue) is at a low coordinate, close to small values on the X, Y, and Z axes, and likely
represents a cluster with low scores on all three criteria (X, Y, Z). C2 (orange) is in the middle between
the high and low values representing a cluster with medium scores on all criteria. C3 (green) is located
at the top of the graph, with high X, Y, and Z values. This is the centroid for the cluster with high scores
on all criteria. The 3D grid helps visualize the distance between centroids, which will be used to
determine the cluster division of the data.

Next is the formation of data clusters based on the centroid values that have been obtained. In
Iteration o (Initialization) the cluster does not have any members because the resulting centroid value
is not the same as one of the data to be clustered. The results of the cluster formation are in Table 3.

Table 3.
Clustering Results with Centroid Values Based on Global Mean and Variance of Data Dimensions
Iteration Cluster number of members Centroid (X,Y,Z)
o (Initialization) C1 - (12.70,19.92,26.38)
C2 - (44.42,50.58,53.66)
C3 - (76.14,81.23,80.94)
1 C1 28 (15.07,18.21,30.64)
Cz2 56 (37.04,46.36,50.82)
G 37 (68.84,76.49,70.22)
2 (@ 32 (14.22,16.47,32.19)
C 53 (35.62,44.72,51.47)
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C3 36 (71.36,78.69,68.17)
3 G 34 (13.65,15.76,33.12)
C2 52 (35.12,44.08,51.77)
G 35 (72.46,79.77,67.06)
4 (Convergence) C1 34 (13.65,15.76,33.12) (fixed)
C2 52 (35.12,44.08,51.77) (fixed)
& 35 (72.46,79.77,67.06) (fixed)

For cluster member changes, in iteration I C2 draws most of the data because its initial centroid is
closest to the "middle" data. In Iterations II to IV, C1 and C3 adjust to include data with low (C1) and
high (C3) values. Figure 3 explains the results of the data cluster in the form of visualization.

Figure 3. Clustering Results

The final Cluster Characteristics based on Figure 2 above are

C1: Data with low X, Y, ZX, Y, Z values (eg ID 3, 7, 13, 18, 23, 27, 30, 35, 41, 47, 54, 55, 61, 62, 65, 69, 75,
77, 83, 86, 90, 92, 94, 95, 103, 109, 110, 118, 119, 120).

C2: Data with intermediate X,Y,ZX,Y,Z values (e.g. ID 2, 5, 6, 8, 9, 10, 11, 12, 15, 16, 19, 20, 21, 22, 26, 28,
29, 31, 32, 33, 34, 36, 37, 38, 39, 42, 43, 44, 45, 48, 49, 50, 51, 52, 53, 56, 57, 58, 59, 63, 64, 66, 68, 70,
71, 73, 74, 76, 78, 79, 80, 81, 82, 84, 85, 87, 88, 89, 91, 93, 97, 98, 102, 104, 106, 107, 108, 111, 112, 114, 116,
17).

C3: Data with high X, Y, ZX, Y, Z values (eg ID 1, 4, 14, 17, 24, 25, 40, 46, 60, 67, 72, 96, 99, 100, 101, 105,
113, 115, 121).

As a comparison, data clustering will be carried out with the same data, namely Table 1, where the
centroid value selection technique is carried out randomly with the aim of finding a more optimal and
better technique for determining the centroid value.

Clustering Data With Random Centroid Values (I)
The first step is Initial Centroid Initialization, where the initial centroid is selected randomly, and the
selected centroid values are:

Centroid 1 (C1): ID 1 (X=92, Y=75, Z=60)

Centroid 2 (C2): ID 2 (X=77, Y=82, Z=31)

Centroid 3 (C3): ID 3 (X=2, Y=26, Z=79)
The following are the results of Clustering data with a random centroid value of 1 which can be seen in
Table 4.

Table 4.
K-Means Clustering Results Table per Iteration
Iteration Cluster number of members Centroid (X,Y,Z)
o (Initialization) C1 1 (92,75,60) (ID 1)
Cz2 1 (77,82,31) (ID 2)
C3 . (2,26,79) (ID 3)
1 C1 42 (63.02,70.60,58.29)

Determining Initial Centroid in K-Means using Global Average and Data Dimension Variance (Efori Bu’ulolo)
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C2 78 (34-91,43.47,48.91)
C3 1 (2,26,79)(2,26,79) (Fixed)
2 C1 35 (72.66,80.97,50.34)
C2 84 (32.58,40.40,50.69)
C3 2 (2.00,17.50,79.00)
3 G 32 (78.16,84.75,45.59)
C2 87 (31.56,38.87,51.21)
C3 2 (2.00,17.50,79.00)
4 C1 31 (80.10,85.87,44.16)
C2 88 (30.99,38.15,51.47)
C3 2 (2.00,17.50,79.00)
5 (Convergence) C1 31 (80.10,85.87,44.16) (Fixed)
C2 88 (30.99,38.15,51.47) (Fixed)
C3 2 (2.00,17.50,79.00) (Fixed)

The clustering results show that the K-Means process converged on the sth iteration with three
main clusters: Cluster C1 consists of 31 members with final centroids (80.10, 85.87, 44.16) representing
data with high values on X and Y, and medium on Z; Cluster C2 includes 88 members with centroids
(30.99, 38.15, 51.47), depicting a large group with low to medium values on all three criteria; while Cluster
C3 consists of only 2 members with centroids (2.00, 17.50, 79.00), indicating outlier data because the
values of Xand Y are very low but Z is high. This process illustrates a clear separation between dominant,
medium, and outlier groups in the data distribution. For visualization of the Cluster results as in Figure
4 below:

Figure 4. Cluster Results With Random Centroid Value (I)

Figure 4, which is a 3D graph, shows the final results of the clustering process using the K-Means
algorithm with three clusters distinguished by color: red (Cluster 1), blue (Cluster 2), and green (Cluster
3), and the centroid points of each cluster are marked with a large black cross symbol. The X, Y, and Z
axes represent the three numeric criteria (e.g., value attributes or scores) used in the clustering process.
The data points are grouped based on their proximity to the centroid, and the spread of the points
indicates the natural boundaries between clusters. It can be seen that Clusters 1and 2 are relatively close
together with a high concentration in the middle of the graph, while Cluster 3 is spread towards the
lower left, indicating the possibility of a group of data that is significantly different from the other two
clusters. This visualization confirms a fairly good separation of the clusters based on the distribution of
values in three-dimensional space. The final clusters produced are:

C1: Data with high X and Y values (e.g. ID 1, 4, 17, 25, 40, 46, 60, 96, 113)
C2: Data with low X values and varying Z (e.g. ID 3, 7, 13, 18, 23,35,61,77, 94)
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C3: Data with very high Z values (only ID 3 and ID 83)
Clustering Data With Random Centroid Values (II)
Next, data clustering is carried out again by randomly selecting centroid values using data from

Table 1, where the selected centroid values are:

Cu: ID 5 (X=75, Y=34, Z=22)

C2: ID 50 (X=45, Y=96, Z=16)

C3: ID 100 (X=59, Y=77, Z=86)
The clusters obtained using the K-means algorithm are

Table 5.
K-Means Clustering Results
Iteration Cluster number of members Centroid (X,Y,Z)
o (Initialization) G 1 (75,34,22) (ID 5)
C2 1 (45,96,16) (ID 50)
G 1 (59,77,86) (ID 100)
1 G 37 (36.49,35.38,42.86)
(@) 12 (50.08,90.58,29.25)
& 72 (52.01,58.39,65.57)
2 G 45 (30.98,30.47,46.38)
C2 10 (57.70,94.60,26.20)
C3 66 (57.15,63.56,61.56)
3 G 48 (28.65,27.73,47.85)
C2 9 (62.22,95.78,25.44)
C3 64 (59.92,66.66,59.78)
4 (Convergence) C1 48 (28.65,27.73,47.85) (Fixed)
C2 9 (62.22,95.78,25.44) (Fixed)
C3 64 (59.92,66.66,59.78) (Fixed)

Table 5 illustrates the iterative process of the K-Means algorithm that reaches convergence at the
4th iteration, where there is no more change in the center point (centroid) of each cluster. The process
begins with the initialization of three centroids based on three random data (ID 5, 50, and 100), then in
the first iteration the data is distributed to three clusters: C1 with 37 members, C2 with 12 members, and
C3 with 72 members. As the iteration progresses, there is a shift in the position of the centroid due to
changes in cluster members, until it finally stabilizes at the 3rd iteration. At the final iteration, Cluster
C1 has 48 members with centroids at (28.65, 27.73, 47.85) indicating a dominance of low values in X and
Y; Cluster C2 with g members centered at (62.22, 95.78, 25.44) indicating a high Y value; and Cluster C3,
the largest with 64 members, is centered at (59.92, 66.66, 59.78) with medium-high values evenly
distributed across all three dimensions. This process shows a fairly clear distribution between data
groups based on their value patterns. For cluster visualization, see Figure 5.

Figure 5. Cluster Results With Random Centroid Value (II)

The image is a visualization of the final results of the clustering process with the K-Means algorithm
in three-dimensional space, where each data point is represented by its X, Y, and Z values. There are

Determining Initial Centroid in K-Means using Global Average and Data Dimension Variance (Efori Bu’ulolo)
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three clusters distinguished by the color red for Cluster 1 (C1) with the characteristics of low X and Y

values and medium Z, blue for Cluster 2 (C2) which stands out because it has a high Y value; and green

for Cluster 3 (C3) which is dominated by medium to high X, Y, and Z values. The black cross symbol

marks the position of the centroid of each cluster after the convergence process. The fairly separate

distribution of points indicates effective cluster separation, with Cluster 1 located on the lower left side,

Cluster 2 concentrated in the upper middle of the Y axis, and Cluster 3 spread wider with a tendency

towards medium-high values in all three dimensions. The final Cluster produced is

C1: Data with low X, Y, ZX, Y, Z values (eg ID 7, 13, 18, 23, 27, 35, 61, 77, 83).

C2: Data with extremely high YY and low ZZ (e.g. ID 17,25,50,56, 72, 99, 115, 121)

C3: Data with medium-high ZZ and varying X, YX, Y (e.g. ID 1, 2, 4, 6, 10, 12, 15, 20, 22, 24, 26, 29, 32,
40, 45, 46, 60, 63, 67, 73, 74, 84, 87, 89, 96, 100, 101, 105, 106, 111, 113).

Comparison of Three Cluster Formation
After determining different centroids and producing different centroid values, thus producing different
clusters, to find out the best centroid value determination technique, a comparison is made of various

aspects and criteria.
Table 6.
Comparison of Three Cluster Formations

Centroid With Global Mean and
Aspect Variance of Data Random (I) Random (IT)
C1: (12.7,19.9,26.4) C1: (92,75,60) C1: (75,34,22)
Initial Centroid C2: (44.4,50.6,53.7) C2: (77,82,31) C2: (45,96,16)
C3: (76.1,81.2,80.9) C3:(2,26,79) C3:(59,77,86)
C1:34 Ci:31 C1: 48
Final Membership Count | C2:52 C2: 88 Ca:9
C3:35 C3:2 C3: 64
C1: Very Low X,Y,Z Ci: HighX, Y C1: Low X)Y,Z
Cluster Characteristics C2: Mid X,Y,Z C2: Low X, Mid Z C2: Very High Y
C3: High X,Y,Z C3: High Z (outlier) C3: Mid-High X,Y,Z
Convergence 4 iteration 5 iteration 4 iteration
Problem More balanced distribution Cluste;r 3 contains only 2 Cluster 2 is too small (9 data))
data (imbalance)

Table 5 compares the results of K-Means clustering based on three centroid initialization scenarios,
namely using the global mean and data variance, and two different random initializations (based on
data ID). Initialization with the global mean produces the most balanced cluster distribution, with a
relatively even number of members (C1: 34, C2: 52, C3:35) and centroid characteristics that clearly reflect
the range of low, medium, and high values in X, Y, and Z. In contrast, the first random initialization (ID
1, 2, 3) produces an unbalanced distribution, where Cluster 3 only contains 2 data with outlier
characteristics in the Z dimension, indicating bias due to the selection of extreme initial centroids. The
second random initialization (ID 5, 50, 100) also shows imbalance, where Cluster 2 only has 9 members,
indicating a less than optimal separation. Although all scenarios converge within 4 to 5 iterations, the
distribution of cluster members and the meaning of their characteristics are strongly influenced by the
selection of initial centroids, which confirms the importance of initialization strategy in the
effectiveness of K-Means clustering.

Another aspect that is compared to find out the best performance of Centroid Initialization is by
calculating the Sum of Square Error (SSE) and Silhouette Score values. The results are as in graph 5
which is added with the aspect of many iterations (Convergence).

Centroid Initialization Performance Comparison

25000 Lo ré
—e— Total SSE

—& Silhouette Score
—k- iteration

24000 1 ro.8
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Figure 6. Centroid Initialization Performance Comparison

Figure 6 shows a comparison of the performance of three centroid initialization methods on the K-
Means algorithm based on three metrics: Total SSE (Sum of Squared Errors), Silhouette Score, and the
number of iterations until convergence. Initialization with the global mean produces the best overall
performance, with the lowest SSE value (around 22,000) indicating the densest clusters, and a fairly high
Silhouette Score, indicating good cluster separation. In contrast, random initialization 1 produces the
lowest SSE but also has the lowest Silhouette Score, indicating that although the data is concentrated,
the separation between clusters is less clear. Random initialization 2 shows intermediate performance
in SSE and Silhouette Score. In terms of efficiency, all methods require between 4 and 5 iterations. This
graph emphasizes that the choice of initial centroids greatly affects the quality of clustering, and the use
of strategies based on global statistics tends to produce more stable and balanced results.

Benchmarking was conducted using the WineQT dataset (1,143 x 13). The proposed K-Means
Initialization Approach Based on Global Statistics and Dimensional Variance was compared with
standard K-Means and K-Medoids. Performance evaluation based on SSE and Silhouette Score (SS)

demonstrates the comparative clustering efficiency of the three methods.
8000
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=}
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S
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Silhouette Scor
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- 0.160

GMV_KMeans K-Means K-Medoids

Figure 7. Benchmarking of the Clustering Performance

The comparative performance analysis of the three clustering methods GMV_KMeans, K-Means,
and K-Medoids reveals that although the standard K-Means achieved the lowest SSE (6678.25) and the
highest Silhouette score (0.1919), the K-Means Initialization Approach Based on Global Statistics and
Dimensional Variance (GMV_KMeans) demonstrates a distinct advantage in terms of initialization
stability and convergence consistency. The GMV_KMeans approach utilizes the global mean and the
dominant dimensional variance to determine the initial centroids, resulting in a more structured and
statistically guided centroid distribution that minimizes dependence on random initialization. This

Determining Initial Centroid in K-Means using Global Average and Data Dimension Variance (Efori Bu'ulolo)
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characteristic is particularly beneficial for high-dimensional datasets or those exhibiting heterogeneous
feature variances, as it enables faster convergence and produces more stable clustering outcomes across
multiple iterations.

4. Conclusion

In summary, the experimental results confirm that the K-Means Initialization Approach Based on
Global Statistics and Dimensional Variance (GMV_KMeans) outperforms random initialization
techniques in terms of cluster stability, convergence consistency, and distribution balance.
Quantitatively, GMV_KMeans achieved an SSE of 7793.u1 and a Silhouette Score of 0.1699, which,
although slightly below the standard K-Means (SSE = 6678.25; Silhouette = 0.1919), demonstrated a more
balanced cluster composition (C1: 34, C2: 52, C3: 35) and faster convergence (4 iterations) compared to
random initialization scenarios that required up to 5 iterations and produced unbalanced clusters. This
confirms the method’s capability to generate statistically stable and interpretable cluster structures
using global mean and variance-based initialization. The contribution of this study lies in establishing
a variance-oriented centroid initialization mechanism that reduces random bias and improves
reproducibility in clustering outcomes. However, the model’s sensitivity to noisy or overlapping data
remains a limitation. Therefore, future studies are recommended to enhance GMV_KMeans through
adaptive variance weighting and hybrid optimization integration (e.g., PSO, GA) to further improve
centroid accuracy and clustering performance on large-scale, high-dimensional datasets.
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